DIRECT AND INVERSE ESTIMATES FOR COMBINATIONS OF BERNSTEIN 
POLYNOMIALS WITH ENDPOINT SINGULARITIES 



WEN-MING LU AND LIN ZHANG 



Abstract. We give direct and inverse theorems for the weighted approximation of functions with 
endpoint singularities by combinations of Bernstein polynomials by the rth Ditzian-Totik modulus 
of smoothness oj r Af, t) m where rf> is an admissible step- weight function. 



1. Introduction 

The set of all continuous functions, defined on the interval /, is denoted by C(J). For any / S 
C([0, 1]), the corresponding Bernstein operators are defined as follows: 

™ fc 

B n (f,x) := y]f(-)Pn,k( X )> 

* — ' n 

k=0 

where 

Pn,k{x) := f^}jx k {\~x) n -\ fc = 0,l,2,...,n, xG [0,1]. 

Approximation properties of Bernstein operators have been studied very well (see [2J, [I], [5]- [5], [14] - 
[16] . for example). In order to approximate the functions with singularities, Delia Vecchia et al. |4] and 
Yu-Zhao [H] introduced some kinds of modified Bernstein operators. Throughout the paper, C denotes 
a positive constant independent of n and a;, which may be different in different cases. Ditzian and 
Totik [5] extended the method of combinations and defined the following combinations of Bernstein 
operators: 

r-1 

B n , r (f,x) :=Y,Ci(n)B ni (f,x), 

with the conditions: 

(a) n = no < n\ < ■ ■ ■ < n r -\ ^ Cn, 

(b) HZl\Ci{n)\^C, 

(d) EZo C t (n)ni k = 0, for k = 1, . . . , r - 1. 

Now, we can define our new combinations of Bernstein operators as follows: 

(1.1) B^ r (f,x) := B n , r {F ni x) =J2Ci(n)B ni (F n ,x), 

where Ci(n) satisfy the conditions (a)-(d). For the details, it can be referred to [13] . 
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2. The main results 



Let ip(x) — y/x(l — x) and let <fi '■ [0, 1] — > R, 7^ be an admissible step-weight function of the 
Ditzian-Totik modulus of smoothness, that is, cj> satisfies the following conditions: 

(I) For every proper subinterval [a, b] C [0, 1] there exists a constant Mi = M (a, b) > such that 
Mf 1 < (f>{x) sC Mi for x G [a, &]. 

(II) There are two numbers ,8(0) and /3(1) ^ for which 

x p( -°\ asa;^0+, 
(1-z)^ 1 ), as 1 ^ 1 - . 

(X ~ y means C^Y < X < CYfor some C). 
Combining condition (I) and (II) on (p, we can deduce that 

M^foix) < ^(a;) < M<p 2 (x), x G [0, 1], 

where ^a(^) = x^°)(l — x)^ 1 ', and M is a positive constant independent of x. 
Let 

w(x) = a; Q (l - xf, a, /3 > 0, a + /3 > 0, < x < 1. 

and 

0, := {/ G C((0, 1)) : lim (wf)(x) = lim (wf)(x) = 0}. 

x >1 x >Q 

The norm in C w is defined by ||w/||c„ '■— \\ w f\\ — SU P \( w f)( x )\- Define 

0^a;^l 

W; := {feC w : f<r~* G AC.((0, 1)), |W/ (r) ll < 00}, 
W r ViX := {/ G C„ : G AC.((0, 1)), \\w^ rX f^\\ < 00}. 

For / € Ctu , define the weighted modulus of smoothness by 

wl(f,t) w := sup {||«;AU/||[iehM-i6fc a ] + II^A^/|| [0j i 6A 2, + llifAj;/!! [a _ 16fe2)1] }, 



where 



£;;/(*) = j>i)*(!"W+(r-*M 



fe=0 



A£/(x) = £(-!)* ' /(x-fc/*) 



fc=0 



Recently Felten showed the following two theorems in [6]: 

Theorem A. Let <p(x) = \J x(l — x) and let <j> : [0, 1] — > R, 7^ be an admissible step-weight 
function of the Ditzian-Totik modulus of smoothness([5]) such that (j> 2 and ip 2 /(j) 2 are concave. Then, 
for /eC[0,l] and0<a<2, \B n (f, x) - f(x)\ < u*{f, n" 1 /^ ). 



Theorem B. Let ip(x) = y/x(l — x) and let : [0, 1] — > R, ^ be an admissible step-weight 
function of the Ditzian-Totik modulus of smoothness such that cf> 2 and ip 2 /cj) 2 are concave. Then, for 
/ G C[0, 1] and < a < 2, \B n (f,x) - f(x)\ = O^n" 1 / 2 ^) ) implies cj 2 (f,t) = 0(t a ). 
Our main results are the following: 
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Theorem 2.1. For any a, /3 > 0, min{/3(0), /3(1)} ^ \, f € C^,, we /iai>e 

(2.1) Kx)<^(x)i?;M !(/,£) | s; CnS\\wf\\. 
Theorem 2.2. For any a, /3 > 0, / € WJ, min{/3(0), /3(1)} ^ |, we We 

(2.2) m^^iaiii < ciM r / (r) ii. 

Theorem 2.3. For f G C w , a, ft > 0, min {/3(0),/3(l)} ^ |, a e (0,r), we /icwe 

(2.3) w(a!)|/(a!)-K,r-i(/,«)l = O{{n-^r\x)6 n {x)) ao ) ^ uf^f,^ =O(t a0 ). 

3. Lemmas 

Lemma 3.1. ([15] ) For any non-negative real u and v, we have 

n-i , , 

(3.1) E(-)""( 1 - ~)~ V Pn,k(x) < Cas-«(1 - a:)"*. 

fc=i 

Lemma 3.2. ( 4 ) If 7 e i?, i/ien 

n 

(3.2) ^ |fe - nx\i Pntk {x) ^ Cni^{x). 

k=0 

Lemma 3.3. For any f e Wl, a, (3 > 0, we have 

(3.3) \\w<f> r F^\\^C\\w<f> r f^\\. 

Proof. By symmetry, we only prove the above result when x S (0, 1/2], the others can be done similarly. 
Obviously, when x € (0, 1/n], by [5], we have 

\4 r \f,x)\ < C|^I/(0)| < Cn~i +1 [" u^\f^(u)\du 



Jo 

So 

^(^^(^fW^kch^/^II- 

If x G [-, -1, we have 

MaO^(z)FW(x)| < + ^(^(^(/(x) - F n {x))^\ 

■= h+h- 

For ^2, we have 

f(x)-F n (x) = y>(nx-l) + l)(J(x)-L r (f,x)). 

r 

w{xW (x) I (f{x) - F n (x))W I = w(xW (x) n< \ (/(*) - L r (f, xj)^ \ . 



i=0 



By [5], then 

\(f(x) - L r {f,x))^)\ [hi] ^ C(n r -*\\f - Lr||[i,a] + n_< ll/ (r) ll[i,f])> < j < r. 
Now, we estimate 

(3.4) J:=w(i)0 p (a:)|/(a:)-L r (i)|. 
By Taylor expansion, we have 

( 3 - 5 ) /( 1 ) = E i ^ L / (u) (-) + rAv M 1 -*r7 (r) w*', 

n * — ' u (r — 1)! /_ n 

It follows from (13.51) and the identity 

r 

V(-rW = Cx\ » = o,i,... ,r. 

^ ' r) 
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we have 

Lr(f, X) 



T— 1 u r 

/Or) + C ^ / (U) (^)(E ^ 

U— 1 2—1 

+ (^tE^w//^-^" 1 /^^ 



which implies that 



- L r (/, a:)| = -^—Mx)^(x) ]T liCa:) / " (- - a)'- 1 ^ (s)ds, 
(r-1)! ^ 7 X n 



since |L(x)| < C for a; e [0, -1, i = 1,2, ••• ,r. It follows from ^ — ?L — < ^" ?L — , s between - and 
x, then 



ti J * n 
ti J * n 

< ^IW7 (r) ll- 

Thus J < C\\w<f> r f^\\. So, we get I 2 < C||w0 r / (r) ll- Above all, we have 

\w(x)cf> r (x)F^(x)\ ^C\\wcf> r f^\\. 

Lemma 3.4. /// e W£, a, /? > 0, min{/3(0), /3(1)} ^ |, i/ien 
(3-6) | W ( 2 ;)(/(x)-L r (/,x))| [o4] <C(-|^r||^/ (r) ll- 

(3-7) \w{x){f{x)~R r U,x))\ {1 ^^^C{^^y\\wcp r f^\\. 
Proof. By Taylor expansion, we have 



□ 



(3-8) / (l) = giA_^L / («) (a . ) + ^^ /"(l-^-i/M^, 

u=0 v / •'x 



It follows from (13.81) and the identities 

r-l . 

Y d {-yi i {x) = Cx«, « = 0,l,...,r. 

we have 



n 

i=l 



r r— 1 



= fix) + cj2 f (u) (*)(£ c n(-^)— £(-rw) 

u— 1 u— i— 1 

1 r ,± . 



(r-l)! 



$>(*) [ n (--sy- 1 f^(s)ds, 
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which implies that 

w(x)\f(x) - L r (f,x)\ = T J— w (x)^2l i (x) /"(- - sy- 1 f^(s)ds, 

since |ii(x)| ^ C for x G fO, — 1, i = 1,2, • • • , r. It follows from J- 1 ' — S X: — ^ ^ — P-* — , s between — and 
£, then 

;(x)|/(x)-L r (/,x)| < Cw{x)Y^ [ n {-- S y- l \f r \s)\ds 

< c E f (- - •rv-'oo* 



?/•( 



i=l 



c(^i)>f/ (r) ii. 

y/n<p[x) 



The proof of ()3.7j) can be done similarly. □ 

Lemma 3.5. f[13) ) For every a, /3 > 0, we /icwe 

(3-9) Ik^r-iCOII < Cll^/ll- 

Lemma 3.6. (\T7\) Let min{/3(0), /3(1)} ^ §, tfien for r e N, < t < ^ and ^ < x < I - we 

have 

2 ••■ / ^ r (x + E^)dwi---dwr < Ct r <jT T {x). 

"I "2 fe=l 

Lemma 3.7. ^[10] ) If a, (3 > 0, /or any / G C™, we fterae 
(3.11) \\wB*?_ x (/)||< Cnl«;/||. 

4. Proof of Theorems 
4.1. Proof of Theorem 12.11 When / G C^,, min{/3(0), /3(1)} > §, we discuss it as follows: 

Case 1. If <p(x) s£ by (pTTTj) . we have 

\w{xW{x)B;^_ 1 {f,x)\ = C<p r (x) ■ ^Iw^B^l^x)] 

If \X) 

(4.1) ^CnS\\wf\\. 
Case 2. If f{x) > we have 

\BZ-i(f,*)\ = \B i ;}.- 1 (F n ,x)\ 

r—2 r m , , 

By [5], we have 

Qj(af,7ii) = (ra^l - and {(p 2 {x))~ r Q j {x,n l )n : ' i ^ C(n i /(p 2 (x)) L 2 J - . 
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So 

\w(x)4> r (x)B*J;l 1 (f,x)\ 

r — 2 r m , , 

r—2 r m j 

< Cw(x)^(x)\\ W f\\^J2(Ji-)^{^(x - 

4 =0 j=0 ^ 1 ' fc=0 1 

n * k i 

fc=0 1 

(4.2) <Cn*||i/;/||. 
It follows from combining with (|4.1I) and (I4.2[) that the theorem is proved. □ 



4.2. Proof of Theorem [HH When / G WJ, by [5], we have 

r — 2 ni—r , 

(4.3) BW_ t (F n ,x) =J2Ci(nK £ ^F n (- )p ni - r , k (* 



m 

i=0 fe=0 



If < k < ri j — r, we have 



(4.4) )l < G«r +1 l^ r) (^ + U)|d«, 
If = 0, we have 

(4.5) |^LFn(0)| < C u'- 1 |FW(«)|du, 

Jo 

Similarly 

(4.6) \t\F n (^^)\^C n^ +1 /' (l-u)*|FW(u)|du. 
By dOJ-dHnjl, we have 



(4.7) < Cw{xW(x)\\wfF^\\ E (w<jf)- l {-) Pni . r , k (x), 

z=0 fc=0 1 

where fc* = 1 for fc = 0, k* — m — r — 1 for k — ni—r and k* = k for 1 < < n, — r. By (|3.1[) , we have 

rii — r , t 

V M'T^-K,-.-.^) < c(w<f> r )- x (x). 



fe=0 



which combining with (|4.7[) give 

IMs)0 r (aO<2-i(/>*)l < c||^/ (r) ll-n 

Combining with the theorem 12.11 and theorem 12. 2[ we can obtain 
Corollary For any a, j3 > 0, ^ A ^ 1, we have 

(4. 8 ) M^MB-JUMl < { ^^-^.^'WHI-ZI, / / ec., 

4.3. Proof of Theorem [HH 
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4.3.1. The direct theorem. We know 

(4.9) F n {t) = F n (x) +F* n (t){t-x) + >>- + j^-jy j (t - uy- l F^{u)du, 

(4.10) B„,r-i(G ~ x)\x) = 0, k = 1, 2, • • • , r - 1. 

According to the definition of W^, for any g £ WJ, we have B* ir _ 1 {g,x) = B nir _i(G n (g),x), and 

iy(a;)|G ! ri (s)-B n!r _ 1 (G n ,a;)| = u)(a;)|B„ iJ ._ 1 (i? r (G„, x), x)|, thereof R r {G n , t, x) = J^(t-u) r ^ 1 G < n\u)du, 
we have 

^zJIGnCaO-Bn^G^aOl «S C||u^ r GM|Kx)fl n , r _i( / |f ~ 

W{u)(jf{u) 

< G||^G«|Kx)(iV-l(^ V *))*' 



(4.11) (B«,r-l(/ ' Jti.s))*. 

also 

,4,2, /' li-Cl* < c ^f£, /' < 

y^. <p zr {u) <p zr (x) J x w z [u) wr(x) 

By (|3T2"|) . ([33)1 and gH2J, we have 

«;(a:)|G n (a;)-B n , r _i(G nj i)| < C||u^ r GM||0- r (x)fl„, r _i(|t - x| r ,x) 

<Gn-i^||^GW|| 

<Cn-5§^||«,^GW|| 

(4.13) =C (^M-)ni^GW||. 

By ((33]), ([3Jl) and (|4l5)l . when geW$, then 

w(x)|£r(x) - ^n.r-iCfl 1 ^)! ^ M^lsO^) - G„(g,a;)| + w(x)\G n (g,x) - B^^g^)] 
< |w(x)(g(x) - L r ( 5 , a;))| [0 ,|] + |w(x)( 3 (x) - i? r (g, x))^..^ 

(4-14) < C(^-nu^g"% 

For / G Gm, we choose proper g e W 7 ^, by (|3.9j) and (|4.14j) . then 

w(x)|/(x) - B* n r _ 1 (f, x)\ < to(ar)|/(a;) - g(x)| + t«(x)|B* )r _ 1 (/ - g, x)\ 

+w{x)\g{x) - B* <r _ 1 (g,x)\ 

^C(\\w(f-g)\\ + (^^y\\wcl> r gV\\) 
s/ncp(x) 



4.3.2. The inverse theorem. We define the weighted main-part modulus for D = R + by(see [5]) 

%(C,f,t) w = sup ||u>A^/|| [C7l . j0o] , 
a<h^t 

The main-part if-functional is given by 

K r ^(f,t r ) w ^ sup inf{\\w(f - g^cv^+nw^g^^ch^oo], 9^ € A.C.((Ch* ,oo))}. 

0</l<* 9 



8 WEN-MING LU AND LIN ZHANG 

By [5], we have 

(4.15) c- 1 ^/, *)„ < t) w < c J* n ^ T)w dr, 

(4.16) C- l K r ^{f, t r ) w < nj(/, t)™ < CXr^C/, o™- 
Proof. Let (5 > 0, by (|4.16|) . we choose proper g so that 

(4.17) < C%(f,8) w , \\w4> r 9^\\ < CS- r %(f,6) w . 
For r £ N, < t < ± and ^ < x < 1 - we have 



+ (I - j)H(x)) 

K4>{x) h<j>{x) 



/ , " " " / „„, , w ( x ) B n^-i(f -9,x + Y] u k )du x ■■■du r 

J — J 2— fc=l 

■■■ w(x)B* n {r r i 1 (g,x + y^u k )dui---du r 



k=l 

(4.18) := Ji + J 2 + J 3 . 
Obviously 

(4.19) Ji < CCn-'^-^ajJtfnCs)) 00 . 
By dnHID and (|4"7T7]) . we have 



J 2 < Cn r || / ■•• / dui---du r 

icn r h r ^(x)\\w(f~g)\\ 

(4.20) ^Cn r h r <t> r {x)%(f,8) w , 
By the first inequality of (|4.8p . we let A = 1, and p,10[) as well as (|4.17p . then 

h(p(x) h<f>(x) j, 

J 2 ^Cn%\\w(f - g)\\ •••/ (p~ r (x + Y]u k )dui'--dUr 

I h4>(x) j h0(a?) * * 

J 2— J 2— k=l 

^Cn%h r ci?{x)ip- r {x)\\w{f-g)\\ 

(4.21) ^ Cnih r (f> r (x)^- r (x)ni(f,6) w . 

By the second inequality of (|3.10[) and (|4.17[) . we have 

J 3 ^ C\\w(/> r g {r) \\w(x) ■■■ w^ 1 (x + ^u k )4>~ r (x + ^u k )du 1 ---du r 

^Ch r \\w0 r g^\\ 

(4.22) ^Ch r 5- r %{f,5) w . 
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Now, by P~T5]) - P~32]) . there exists M > so that 



+ min{n5^, n r cj> r (x)}h r %(f, 5) w + ^<T^(/, 5) w ) 

<j>{x) 



(j>{x) 



-1/2 



c?!)(x) 

+Of(n-* §) w + h r S- r %(f, S) w ). 



When n ^ 2, we have 

n"i<5„(:r) < (n - l)~i£ n _i(:r) ^ v / 2n"^„(a;), 
Choosmg proper x, S, n £ N, so that 

<j>(x) (p(x) 

Therefore 

\w(x)A r h(j ,f(x)\ < C{6 a ° +h r S- r ni(f,S) w }. 
By Borens-Lorentz lemma in [5], we get 
(4.23) n^(f,t) w ^Ct a °. 
So, by (|4TT5]) and (|4~23)) . we get 



u r Af,t)w<C ' W dr = C / r Q "- 1 dr = Ct c 
Jo r Jo 
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